We study the spectra of a two-parameter family of self-similar Laplacians on the Sierpinski gasket (SG) with twists. By this we mean that instead of the usual IFS that yields SG as its invariant set, we compose each mapping with a reflection to obtain a new IFS that still has SG as its invariant set, but changes the definition of self-similarity. Using recent results of Cucuringu and Strichartz, we are able to approximate the spectra of these Laplacians by two different methods. To each Laplacian we associate a self-similar embedding of SG into the plane, and we present experimental evidence that the method of outer approximation, recently introduced by Berry, Goff and Strichartz, when applied to this embedding, yields the spectrum of the Laplacian (up to a constant multiple).
INTRODUCTION
gives a general construction of self-similar energies and Laplacians on a family of self-similar fractals that includes the familiar Sierpinski gasket (SG), the invariant set for the iterated function system (IFS) consisting of three homothetic similarities {F i } with contraction ratio 1 2 and fixed points {q i }, the vertices of an equilateral triangle in the plane. Sabot 2 gives a complete description of all possible self-similar energies on SG. Recently, Cucuringu and Strichartz 3 revisit the problem using a different IFS denoted {F i }, where eachF i is the composition of F i with the reflection that fixes q i and permutes the other two vertices of the triangle. This IFS has the same invariant set SG, but we refer to it informally as SG with twists. The set of self-similar energies with respect to {F i } is not the same, and it turns out that it has a much simpler and completely constructive description. In addition, there is a family of self-similar embeddings of SG with twists in the plane that are all given by IFSs that are topologically conjugate to {F i }, but with the contraction ratios different from ( (Without the twists this is simply impossible.) The purpose of this paper is to study the spectra of families of the self-similar Laplacians naturally associated to the self-similar energies on one hand, and the self-similar embeddings on the other hand, using the method of outer approximation introduced in Berry et al. 4 Both families of Laplacians have two parameters, and we propose a one-to-one correspondence between the parameters that we conjecture will make the two Laplacians equal (up to a constant).
We begin with a brief review of Kigami's construction (see also Refs. 5 and 6). Suppose K is a connected non-empty compact set satisfying
for some IFS {F i } (for simplicity we assume these are contractive similarities on some Euclidean space). We write F w = F w 1 • · · · • F wm for a word w = (w 1 , . . . , w m ) of length |w| = m, and call F w K a cell of level m. We say that K is post-critically finite (PCF) if there exists a finite subset V 0 ⊆ K, called the boundary of K, such that
whenever w and w are distinct words of the same length. We consider F w V 0 to be the boundary of the cell F w K. Thus (1.2) says that distinct cells of the same level intersect only at points on their boundary. Because we assume K is connected, there must be enough non-empty intersections. SG is perhaps the simplest non-trivial example (the unit interval is a trivial example). We then approximate K by a sequence of graphs {Γ m } with vertices {V m } and edge relation x ∼ m y as follows: Γ 0 is the complete graph on V 0 , and Γ m is defined inductively as the image of Γ m−1 under the IFS with the appropriate vertices identified. For simplicity we assume that each vertex in V 0 is the fixed point of one of the IFS mappings, say F i q i = q i (in general there may be more mappings in the IFS than vertices in V 0 ). Then V 0 ⊆ V 1 ⊆ V 2 ⊆ · · · . Figure 1 shows Γ m for m = 0, 1, 2 for the standard SG, and Fig. 2 shows the same for SG with twists. We consider graph energies E m on Γ m . These are nonnegative bilinear forms on the functions on V 0 that are zero exactly on the constants. We write E m (u) = E m (u, u) for the associated quadratic form, that determines the bilinear form via polarization identity E m (u, v) = for certain positive conductances c(x, y) (we may interpret the reciprocals c(x, y) −1 as resistances, and think of the graph as representing an electric network of resistors with resistances c(x, y) −1 on each edge). This not only guarantees the nonnegativity of the form, but also the Markov property E m (u) ≤ E m (u) for u(x) = min{max{u(x), 0}, 1}. We also want two compatibility relations to hold for this family of energies. The first is that E m−1 should be the restriction of E m to Γ m−1 , defined as follows:
E m−1 (u) = min E m (ũ) (1.4) where the minimum is taken over allũ satisfying u | V m−1 = u (it is easy to see that a unique minimum exists, and the extensionũ that achieves the minimum is called the harmonic extension). The second condition is the self-similarity condition
for a set of resistance renormalization factors {r i } satisfying 0 < r i < 1. It is easy to see that the initial energy on Γ 0 , which can be written and the {r i } determine all Γ m inductively via (1.5), and so the question becomes whether or not (1.4) holds. It is also easy to see that it suffices to check (1.4) for m = 1, and if so then it holds for all m by induction. We refer to (1.4) for m = 1 as the renormalization equation. The existence of solutions to the renormalization equation is a highly non-trivial problem, and it requires a careful balancing of the initial conductances and the resistance renormalization factors. Given a solution to the renormalization equation, it is easy to construct a limiting energy on K:
because the sequence {E m (u)} is always monotone increasing. We define the domain dom E to be the set of continuous functions on K for which E(u) is finite. It can be shown that dom E modulo constants forms a Hilbert Space with inner product E(u, v). The fact the dom E is entirely contained in the space of continuous functions is one of a constellation of equivalent properties described as "points have positive capacity." This property does not hold for the standard energy on Euclidean domains in dimensions greater than one. It follows from (1.5) that the energy E on K is self-similar:
To define a Laplacian we need two ingredients: an energy E and a measure µ. (Note that in Riemannian geometry, both are derived from the Riemannian metric, but there is no analogous concept on fractals, and the measure and energy do not have to be related.) We will consider only self-similar measures, satisfying the identity
for a finite set of probabilities {µ i }. In fact we will make the choice (1.10) for the unique α that yields the probability condition i r α i = 1.
( 1.11) Note that this means the parameters {log r i } and {log µ i } are proportional. The Laplacian ∆ is defined as follows. We say u ∈ dom ∆ and ∆u = f if u ∈ dom E, f is continuous, and 12) where dom 0 E denotes the subset of dom E of functions vanishing on V 0 . Moreover, we say that u belongs to the domain of the Neumann Laplacian if (1.12) holds for all v ∈ dom E. It is possible to describe the Neumann domain in terms of vanishing of certain normal derivatives of u on the boundary, but we prefer the above "natural" description. The Neumann Laplacian has a complete set of eigenfunctions {u j } with eigenvalues {λ j } satisfying
This is the spectrum that we study.
The main result of Cucuringu and Strichartz 3 is that the renormalization problem for SG with twists has a solution for any projective choice of resistance renormalization factors. That is, given any vector (r 0 ,r 1 ,r 2 ) in the positive octant in R 3 , there exists a unique λ > 0 such that (r 0 , r 1 , r 2 ) = λ(r 0 ,r 1 ,r 2 ) allows a solution for a unique (up to a constant multiple) set of initial conductances. The formula for λ and {c jk } is explicit (involving the solution of a fourth degree polynomial), and the set of all solutions (r 0 , r 1 , r 2 ) forms a portion of an explicit algebraic variety of degree six (a set defined by a polynomial equation of degree six). The choice (r 0 , r 1 , r 2 ) = ( ) yields the standard energy (all c jk equal) and Laplacian and this is the same with or without twists. Altogether we get a twoparameter family of Laplacians (we can taker 0 = 1 and then user 1 ,r 2 as parameters). In Sec. 2 we describe two different methods to approximate the spectra of these Laplacians, and we present numerical data in some cases. As predicted in Kigami and Lapidus, 7 there is a difference between the lattice case, where there exists r such that r i = r k i for integers k i (in other words, the values log r i lie in a lattice subgroup of the reals), and the non-lattice case, everything else. The eigenvalue counting function
has roughly a power growth x β , for β the solution of 15) but in the non-lattice case we actually have a positive limit for the Weyl ratio W (x) = N (x)/x β , while in the lattice case we have the asymptotics
where ψ is multiplicatively periodic
and bounded on both sides
In the case of the standard Laplacian we know that the function ψ is discontinuous, since we can identify a countable set of jump discontinuities corresponding to eigenvalues of high multiplicity. We have some evidence for the same behavior in the general lattice case, even though the highest multiplicity appears to be 1.
It is also mentioned in Cucuringu and Strichartz 3 that there is a two-parameter family of self-similar embeddings of SG with twists in the plane. Start with any acute triangle, with vertices denoted q 0 , q 1 , q 2 and corresponding angles α 0 , α 1 , α 2 . Let F i denote the composition of the direct similarity with fixed point q i and contraction ratio cos α i (denoted ρ i ), and the reflection with fixed point q i interchanging the two sides of the triangle that meet at q i . Then the invariant set for the IFS {F i } is homeomorphic to SG with twists, although it is geometrically quite different from the standard realization (all ρ i = 1 2 ). Again, the parameters (ρ 0 , ρ 1 , ρ 2 ) lie on an algebraic variety, namely
( 
for the same set of integers. Also, the Hausdorff measure of the embedded K is a constant multiple of the self-similar measure determined by (1.10) . For these reasons, we believe the correspondence (1.20) is natural. The main conjecture of this paper is that the method of outer approximation, applied to the embedding of K, yields the spectrum of the self-similar Laplacian (up to a constant multiple). The method of outer approximation, introduced recently in Berry et al. 4 involves approximating the embedded K by a nested sequence of connected domains Ω n in the plane, so that K = n Ω n in some reasonable way. Then consider the ordinary Neumann Laplacian ∆ n on Ω n , and denote by {λ (n) j } its spectrum. For certain renormalization factors s n , we would like to have
We will present numerical evidence that this is indeed true. Note that we are not suggesting that the limit is uniform across the whole spectrum.
Indeed this would be impossible, since {λ (n) j } obeys the Weyl asymptotic law for a two-dimensional domain. What we do see is that some initial segment of the spectra {λ (n) j } and {λ j } are very close (after multiplying by a constant) for the relatively small values of n that we can handle computationally, and the size of this segment increases as we increase n. Even as the numerical values begin to diverge, other qualitative features of the two spectra seem to agree. In Sec. 3 we describe in detail our construction of the approximating regions Ω n . This is a non-trivial problem, because the obvious domains obtained by deleting triangles from the original triangle are disconnected. In fact, the method we use here is an improvement over the method used in Berry et al. 4 in that it yields much greater accuracy even in the case of the standard embedding. In Sec. 4 we present data comparing the two spectra. In Sec. 5 we discuss some interesting features of the spectra we have observed, and pose some problems for future research.
Related ideas have been studied in the context of quantum graphs (see Kuchment and Zeng 8 and the references therein).
COMPUTING THE SPECTRUM OF A SELF-SIMILAR LAPLACIAN
Fix the values (r 0 , r 1 , r 2 ) and associated {c ij }, and consider the Laplacian defined by (1.12 
(this uses (1.3) and the fact that E(u, ψ (m)
x )). We approximate the left side of (2.2) by ∆u(x)µ m (x) for
This leads us to define a graph Laplacian on Γ m by
(for x ∈ V m \V 0 there are four summands, and for x ∈ V 0 there are two summands). For u ∈ dom ∆ it follows that
where V * = V m , and the limit is uniform. Note that ∆ m is a self-adjoint operator with respect to the inner product
so it is represented by a symmetric matrix, hence it has a complete set of eigenvectors. Since −∆ m is non-negative we write are initially defined only on V m , but we may extend them to be piecewise harmonic on K. The spectrum (1.13) on K is then given by
Experimental evidence indicates that this is an increasing limit. For the standard Laplacian (r 0 , r 1 , r 2 ) = ( may also be described by the method of spectral decimation, which easily implies that (2.9) is increasing. We do not know an argument for this in the general case. It is also true that the eigenfunctions u j . It is straightforward to compute the spectrum of the sparse symmetric matrix ∆ m (provided we do not take the value of m too large). The values of the conductances c(x, y) are determined by (1.5) and (1.6), explicitly
where r w = r w 1 · · · r wm . We also need to compute the values for µ m (x). Note that each ψ
is supported on two m-cells for x ∈ V m \V 0 , and one m-cell
where µ w = µ w 1 · · · µ wm . In the second case
This reduces the problem to the m = 0 case; in other words, the integration of harmonic functions. We solve this problem using self-similarity, namely
[this follows from (1.9)]. We can write ψ
This gives a redundant set of three homogeneous linear equations. We also know
q j ≡ 1, and then we can solve for the integrals.
The second method we use is a fractal version of the finite element method (FEM) using piecewise harmonic splines. For the standard Laplacians this is described in detail in Gibbons et al., 9 based on a discussion of spline spaces in Stricharz and Usher. 10 (These works also discuss piecewise biharmonic splines (the analog of cubic polynomial splines) that yield greater accuracy, but in the general context the difficulties involved in doing this are much greater.) The idea is to approximate functions on K by piecewise harmonic functions of level m, determined by values on V m simply by
x ) is still given by the right side of (2.2), but the left side is now
We define the Gram matrix of level m
Note that G is symmetric and sparse, since the product ψ
is zero unless either x = y or
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x ∼ m y. So our FEM approximation to the eigenvalue problem is the generalized eigenvalue equation
(2.18) (Note that it would be foolish to multiply by the inverse of the Gram matrix, even though it is invertible, because then we would obtain an eigenvalue equation for a matrix that is neither symmetric nor sparse.) To make this explicit we need to compute the Gram matrix.
and some word w with |w| = m. It is easy to see that the product ψ
is supported in F w K, and so
On the other hand, if
x ) 2 is supported on the union of the two cells
(2.20)
so we have reduced the computation to the case m = 0. Then we can use essentially the same method as we used to compute the integrals ψ
and we can express the right side of (2.22) as an explicit linear combination of entries of the Gram matrix. This gives us homogeneous linear equations for the entries, and we complete the story by using the inhomogeneous identity
and solving.
We denote byũ
We again have
25) but this time the limit is decreasing. We get a good estimate of λ j by averaging λ
j . Rather than a fair average, we use the estimate
since this gives greater accuracy in the case of the standard Laplacian, where the exact values of the λ j are known via spectral decimation.
The complete algorithms and computer code may be found on the website www.math. cornell.edu/˜reu/twist. The actual computations use a variable depth level decomposition, rather than the uniform depth level described above, in order to increase accuracy.
In Table 1 we present the data for the values of λ
and λ j [via (2.26)] for three levels of approximation and j ≤ 40, for the choice (r 0 , r 1 , r 2 ) = (0.7267, 0.5281, 0.5281). This is the lattice case example with (k 0 , k 1 , k 2 ) = (1, 2, 2). In Table 2 we present the data for (r 0 , r 1 , r 2 ) = (0.7338, 0.6604, 0.3669), a non-lattice case. In Figs. 3 to 6 we display the graphs of N (x) and W (x) for these two Laplacians. Figures 7 to 10 show the same graphs for a selection of other Laplacians.
SELF-SIMILAR EMBEDDINGS AND OUTER APPROXIMATION
Fix a value of (ρ 0 , ρ 1 , ρ 2 ) on the surface (1.19), and let T be a triangle with vertices (q 0 , q 1 , q 2 ) and angles
Let {F i } be the IFS whereF i fixes q i , contracts by ρ i and reflects about the angle bisector at q i . The invariant set is a self-similar embedding of SG with twists in the plane. Figure 11 shows a selection of examples decomposed in m-cells for fixed m. Because these cells are of varying sizes, these are rather poor approximations of the fractals. In Fig. 12 we show the same examples decomposed into cells of varying levels but of approximately the same size (we choose a value of and decompose cells of diameter greater than ). We will use these types of approximations.
In Fig. 13 we show a sequence of decompositions for a single fractal with varying diameter size.
We write such a cell decomposition
where P is the approximate set of words, called a partition. A natural choice of approximating domains would be Ω = w∈P F w T 0 , where T 0 denotes the interior of the triangle, but these domains are not connected. We need a slight modification to obtain connectivity. In Berry et al., 4 the triangle T was enlarged slightly, but we found a method that yields much greater accuracy in the case (ρ 0 , ρ 1 , ρ 2 ) = (
2 ) (the equilateral triangle case), and in all cases appear to converge rapidly. The idea is that we view the domain Ω subtractively, as T 0 with some closed triangles removed, Ω = T 0 \∪T j . We then clip off little neighborhoods of the vertices of each T j to get T j ⊂ T j , and take Ω = T 0 \∪ T j . The clipped-off neighborhoods create little passages that make Ω connected.
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To do this in a uniform fashion we choose a small parameter δ, and near a vertex of T j with angle θ we inscribe a circle of radius δ tan θ/2 (so the distance from the circle to the vertex along the edges is δ), and we remove the region between the circle and the vertex. We choose δ to be constant over all triangles T j , but it will vary with the approximation. This is illustrated in Fig. 14 that shows the standard gasket with the inscribed circles and We choose a decreasing sequence { n } of maximum diameter cut-offs and a corresponding sequence {δ n } to yield a sequence of connected domains Ω n . Let
denote the eigenvalues of the Neumann Laplacian on Ω n , with corresponding eigenfunctions −∆u The premise of the method of outer approximation is that there exist appropriate renormalization factors s n such that s n λ (n) j converges as n → ∞ for each j, and the eigenfunctions u (n) j restricted to K also converge (again after proper normalization). Our numerical data supports this premise. If the Ω n are chosen appropriately, it may be true that we can take s n = s n for some s, but we do not have enough data to support this idea. In the standard case, the renormalization factors tend to infinity, but in other cases they tend to zero. (This is based on data for small values of j.) Presumably there will be some values of (ρ 0 , ρ 1 , ρ 2 ) where we can take all s n = 1, but our data is not accurate enough to pin down such values. To avoid dealing with the renormalization factors, we renormalize all spectra by computing the values λ
1 , so the first renormalized eigenvalue is always 1. In Tables 3 and 4 we present these values for these successive Ω n for two different choices of (ρ 0 , ρ 1 , ρ 2 ). The first is a lattice case example with (k 0 , k 1 , k 2 ) = (1, 2, 2), and the second is a nonlattice case. The data is obtained by using the Matlab FEM solver, which automatically triangulates the region and uses piecewise linear splines. One such triangulation is shown in Fig. 16 .
Matlab is also able to refine the chosen triangulation to increase accuracy, at the expense of greater running time. Note that this FEM is not the same as the FEM used in Sec. 2, but it also has the property that it approximates from above. Tables 5 and 6 report the ratios λ
for the unnormalized eigenvalue approximations for the two examples. More data may be found on the website www.math.cornell.edu/˜reu/twist. 
COMPARISON OF SPECTRA
In order to compare spectra from the fractal Laplacian and the outer approximation method, we renormalize all spectra by dividing by the first nonzero eigenvalue. We already did this in Sec. 3. In Sec. 2 we reported unnormalized eigenvalues, since the Laplacian has an exact spectrum. However, the energy is only characterized up to a constant multiple, so it is not clear that the particular choice of initial conductances {c jk } that we used are in any way natural or canonical. For that reason we are not really losing any significant information when we renormalize the spectrum. In all cases we start with parameters (r 0 , r 1 , r 2 ) for the fractal Laplacian and compute the corresponding parameters (ρ 0 , ρ 1 , ρ 2 ) via (1.20) and (1.21).
In Table 7 we give the best approximation of an initial segment of the two spectra for the standard Laplacian (r 0 , r 1 , r 2 ) = ( graphically in Fig. 17 . Note that even when the numerical values differ noticeably, there is still a qualitative similarity in the graphs. The numerical agreement here is much stronger than the results Table 3 Outer approximation for Successive Ωn for Lattice Case with (k 0 , k 1 , k 2 ) = (1, 2, 2) Using the Third Mesh Refinement. in Berry et al., 4 which used a different sequence of approximating domains.
In Tables 8 and 9 and Figs. 18 and 19 we give the same data for two more lattice cases. In Tables 10 and 11 and the corresponding Figs. 20 Table 4 Outer Approximation for Successive Ωn for Non-Lattice Case with (r 0 , r 1 , r 2 ) = (0.6407, 0.6407, 0.5126). and 21 we give the same data for two non-lattice cases. We see differences of no more than 2% for close to 100 eigenvalue, with most differences much smaller. More data may be found on the website www.math.cornell.edu/˜reu/twist.
FEATURES OF THE SPECTRA
The spectrum of the standard Laplacian is quite striking, featuring both high multiplicities and large gaps. The high multiplicities, associated with the existence of localized eigenfunctions, may be explained in two ways, either by spectral decimation Fukushima and Shima, 11 or by the existence of a nonabelian symmetry group Barlow and Kigami. 12 Spectral decimation also explains large gaps. See Adams et al. 13 for numerical approximations to the spectrum of the standard Laplacian on the pentagasket. This is an example where spectral decimation is known to fail Shima, 14 but there is a dihedral-5 symmetry group. The data shows both high multiplicities and large spectral gaps, but as yet there is no proof of the existence of the gaps. Neither feature is possible in the non-lattice case 7 because the Weyl ratio has a limit. We do not see evidence of multiplicities greater than 1 in any of the lattice cases. We see some evidence of large spectral gaps, but they are not large enough to be convincing. The precise question here is whether , k 1 , k 2 ) = (1, 2, 2) . there exists a constant s > 0 such that
For the standard Laplacian this is valid for a value of s > 1. We see many gaps with a value around s = 0.1, but gaps of this size also show up in some non-lattice cases. Indeed, it is difficult to distinguish between the two cases from our data. Of course, both lattice and non-lattice cases are dense in the set of parameters, but the point is that only lattice cases with relatively small values of {k i } should be distinguishable with the precision level of computation we must accept, and these are few and far between. The existence of spectral gaps is significant, since they imply (in the presence of sub-Gaussian heat kernel estimates 1 ) the uniform convergence of eigenfunction expansions of continuous functions when the partial sums are taken up to a gap. 15 It is somewhat disappointing that we cannot offer experimental evidence for the existence of gaps. On the other hand, the experimental evidence does not suggest that they do not exist.
Despite the absence of multiplicities greater than 1 in the spectra, there is an intriguing feature of clustering of eigenvalues, meaning that there are many eigenvalues that are nearly equal. This occurs in both lattice and non-lattice cases, although the existence of a limit for the Weyl ratio in the nonlattice case limits the cluster sizes. This clustering also occurs in spectra of other fractal Laplacians 4,16 but does not seem to occur in non-fractal cases. [17] [18] [19] (Of course there is a different type of clustering that occurs when you perturb a Laplacian which has high multiplicity eigenvalues. See Weinstein 20 and Guillemin 21 for the sphere, and Okoudjou and Strichartz 22 for SG.) Sometimes, the eigenvalues in a cluster are so close that one might be tempted to conjecture that they are identical, but we do not believe this is the case. Some of the reasons are the sporadic nature of these coincidences, that they do not occur lower in the spectrum, and that they occur for just two eigenvalues in a large cluster. Moreover, there is no apparent relationship between the associated eigenfunctions.
For all our Laplacians, the power growth rate x β for N (x) given by (1.15) has β < 1 (this follows since µ i = 1 and r i < 1, so r i µ i < 1). This means that λ j ≈ j 1/β , so the average value of λ j+1 − λ j goes to infinity. Something very special must be going on to make eigenvalues cluster together. This deserves investigation.
We have also looked at the possibility of miniaturization of eigenfunctions, where an eigenfunction of higher eigenvalue is built out of eigenfunctions , k 1 , k 2 ) = (1, 1, 2) . 1, 3, 3) . of lower eigenvalue composed with inverses of the IFS mappings. For example, on the unit interval the eigenfunction cos πjkx is built out of j copies of the eigenfunction cos πkx miniaturized (composed with x → jx) and appropriately glued together. This occurs for the standard Laplacian on SG, and also for the pentagasket 13 and a number of other fractals discussed in Berry et al. 4 If this occurs, it would mean that the ratio of the eigenvalues would be an integer power of r i µ i . It is easy enough to test if this happens. In Table 12 we list the spectrum and the spectrum multiplied by r 0 µ 0 and r 1 µ 1 = (r 0 µ 0 ) 2 for the lattice case (k 0 , k 1 , k 2 ) = (1, 2, 2) (same as in Table 1) , highlighting values that occur in all three columns, at least approximately. We also note that certain patterns occur in the number of the 
Is this an exact equality? Most likely not, as it is very reminiscent of the eigenvalue clusters (some clusters of different sizes appear here). But the data does not rule it out. However, we have looked at the associated eigenfunctions without finding any evidence of miniaturization. This is another question worth further investigation. We are also interested in extremal problems associated with our classes of spectra and embeddings. Perhaps the simplest question is to describe the range of dimensions of our embeddings. The Hausdorff dimension of the embedding with parameters (ρ 0 , ρ 1 , ρ 2 ) is the unique solution of
We note that the limit as the triangle approaches a right triangle has ρ 2 → 0 and d → 2. So the supremum of all dimensions is 2, and is not an achieved maximum. If we choose angles (2t, π 2 − t, π 2 − t) for the triangle and let t → 0, the fractal approaches the interval, which has dimension 1, but the limit of d is still 2. This simply means that the dimension is a discontinuous function of the parameters at the point ρ 0 = 1, ρ 1 = ρ 2 . The minimum dimension is log 3/ log 2, and it is achieved at the standard embedding ρ 0 = ρ 1 = ρ 2 = 1/2. We sketch a proof to show that d has a unique critical point. Since the ρ values are constrained by (1.19), which we abbreviate F (ρ) = 1, the method of Lagrange multipliers implies that ∇d is proportional to ∇F at a critical point. Differentiating (5.3) we obtain 
}.
So the Lagrange condition is that {ρ
at a critical point. Note that (5.5) obviously holds when ρ 0 = ρ 1 = ρ 2 . Since
Note that for any fixed value of ρ 0 ρ 1 ρ 2 , the function f (t) has only one critical point, hence is at most two-to-one. So (5.6) can only hold if at least two of the ρ j are equal (without loss of generality ρ 1 = ρ 2 ). In complicated, we have not been able to carry out the details. In Fig. 23 we show that the graph of β as a function of r 0 when r 1 = r 2 , and in Fig. 24 we show a rough sketch of the graph of β as a function of (r 0 , r 1 ).
If the above conjecture is valid, the maximum value of α or β will not be attained, but we can compute the supremum. To do this we allow r 2 = 0. This does not correspond to any Laplacian, but we can still make sense of (1. Next we can look at extremal values of the renormalized eigenvalues λ k for k ≥ 2. The numerical evidence suggests that the maximum is not attained, but the supremum of the λ k is k 2 and is approached as r 1 = r 2 tends to 0. Note that the values λ k = k 2 occur for the second derivative Laplacian on the unit interval, and the embedded SG with ρ 1 = ρ 2 tending to 0 approaches an interval. Thus it appears that the spectrum of the Laplacian on SG with r 1 = r 2 converges to the spectrum of the Laplacian on the interval, even though β converges to 3/4 (the value of β on the unit interval is 1/2). This is another discontinuity, but there is no contradiction since the convergence of the spectra is not uniform. More evidence for this spectral convergence is that the eigenfunctions resemble cosine functions, as shown in Fig. 26 .
In Figs. 27 to 34 we show the graphs of λ k for 2 ≤ k ≤ 9 as a function of r 1 /r 0 and r 2 /r 0 . We have to restrict the domain to values above 0.2 since we lose accuracy for smaller values. We know that for large values of k, the standard Laplacian (here corresponding to r 1 /r 0 = r 2 /r 0 = 1) must be a local maximum for λ k . We see this for k = 9. What is surprising is that for small values of k it is often a local minimum. Indeed, it appears to be the global minimum for k = 2, 5, 6, 7, 8. Table 13 gives the approximate global minima and the corresponding r values for 2 ≤ k ≤ 9.
